ABSTRACT. In this paper we first consider the Hamiltonian action of a compact connected Lie group on an H-twisted generalized complex manifold M. Given such an action, we define generalized equivariant cohomology and generalized equivariant Dolbeault cohomology. If the generalized complex manifold M satisfies the∂∂-lemma, we prove that they are both canonically isomorphic to (Sg
INTRODUCTION
Generalized complex geometry, as introduced by Hitchin [H02] and further developed by Gualtieri [Gua03] , provides a unifying framework for both symplectic and complex geometry. It is no surprise that many facts in complex geometry have their counterparts in generalized complex geometry. For instance, it is well known that a complex structure induces a (p, q)-decomposition for differential forms and a splitting d = ∂+∂. Analogously, Gualtieri [Gua03] proved the presence of an H-twisted generalized complex structure on a manifold determines an alternative grading of differential forms and a similar splitting d H = ∂ +∂, where H is a closed three form and d H = d − H∧ is the twisted exterior derivative. (For the twisted case, see also the appendix of [KL04] .) Therefore it makes perfect sense to define the generalized Dolbeault cohomology and the∂∂-lemma for H-twisted generalized complex manifolds. Namely, a twisted generalized complex manifold is said to satisfy the∂∂-lemma if ker∂ ∩ im∂ = im∂ ∩ ker∂ = im∂∂. Indeed, the∂∂-lemma in generalized geometry has been studied extensively by Cavalcanti in his thesis [Gil05] . It is interesting to study it for many reasons. When a generalized complex structure is induced by a symplectic structure, the∂∂-lemma is equivalent to the Hard Lefschetz property, as established by Merkulov [Mer98] and Guillemin [Gu01] ; whereas when a generalized complex structure is induced by a complex structure, the∂∂-lemma coincides with the usual∂∂-lemma in complex geometry, which is known to carry a lot of topological information. (See for instance [DGMS75] .) Recently, Gualtieri [Gua04] proved that a compact H-twisted generalized Kähler manifold satisfies the∂∂-lemma with respect to both generalized complex structures involved. This result plays an important role in the remarkable works of [Li05] and [Go05] which assert that the moduli space of generalized complex structures on a compact H-twisted generalized Calabi-Yau manifold is unobstructed.
In this paper we consider the consequence of the∂∂-lemma for group actions on generalized complex manifolds. Sources from both symplectic and complex geometry have served as motivation for this work.
In [LS03] Sjamaar and the author studied the Hamiltonian action of a compact connected Lie group on a symplectic manifold with the Hard Lefschetz property. The main results are an equivariant version of the symplectic dδ-lemma, i.e., the d G δ-lemma, and a stronger version of KirwanGinzburg formality theorem which says that each cohomology class has a canonical equivariant extension.
Motivated by [LS03] , we consider the Hamiltonian action of a compact connected Lie group on an H-twisted generalized complex manifold (M, J ) as introduced in [LT05] 1 . Given such an action, we introduce two extensions of the usual equivariant Cartan complex and define their cohomologies to be the generalized equivariant cohomology and the generalized equivariant Dolbeault cohomology respectively. In contrast with the usual equivariant Cartan complex, these two extensions both contain information from moment one forms which come up very naturally in the definition of generalized moment maps. Assume the manifold satisfies the∂∂-lemma, we prove that the generalized equivariant cohomology and the generalized equivariant Dolbeault cohomology are both canonically isomorphic to (Sg * ) G ⊗ H H (M), where (Sg * ) G is the space of invariant polynomials over g and H H (M) is the H-twisted cohomology of the manifold M. This gives an analogue of Kirwan-Ginzburg equivariant formality theorem in generalized geometry. In addition, we establish an equivariant version of thē ∂∂-lemma, namely, the∂ G ∂-lemma, which is a direct generalization of the d G δ-lemma [LS03] in symplectic geometry.
We would like to mention that recently it has been found by A. Kapustin and A. Tomasiello [KT06] that the conditions used in [LT05] to define Hamiltonian actions and reductions in generalized Kähler geometry are exactly the same as the physics conditions for (2, 2) gauged sigma model. This has thus provided us physics motivations to study the properties of the Hamiltonian generalized Kähler manifolds as defined in [LT05] . As a consequence of the results stated in the previous paragraph, one derives easily the first of such properties: compact Hamiltonian twisted generalized Kähler manifolds always satisfy the ∂ G ∂-lemma. In view of this and the aforementioned result of A. Kapustin and A. Tomasiello, it will be interesting to construct more non-trivial examples of compact Hamiltonian generalized Kähler manifolds. This question has been addressed in an accompanying short note [L06] which also provides us some interesting examples for which the ∂ G ∂-lemma holds.
The second part of this paper is guided by results from Kähler geometry. Historically, holomorphic vector fields on Kähler manifolds have been studied by many mathematicians. Among many other things, a famous result of Carrell and Lieberman [CL73] asserts if on a compact Kähler manifold M there exists a holomorphic vector field which has only isolated zeroes, then H p,q ∂ (M) = 0 unless p = q. Recently, assuming the holomorphic vector field is generated by a torus action, Carrell, Kaveh and Puppe [CKP04] gave a new proof of this result. Their method is based on equivariant Dolbeault decomposition as recently treated by Teleman [T00] and Lillywhite [Lilly03] , as well as the localization theorem in equivariant cohomology theory.
We observe that the new treatment given in [CKP04] could be adapted to the case of a torus action on a compact generalized Kähler manifold under certain conditions. Indeed, if we assume the action of the torus T is equivariantly formal, then a result of Allday [All04] shows that the equivariant cohomology of the torus action is canonically isomorphic to S ⊗ H(M), where S is the space of polynomials over the Lie algebra of T . On the other hand, it is shown [Gil05] that assuming the∂∂-lemma H(M) will split into the direct sum of generalized Dolbeault cohomology groups. Therefore we actually have a version of generalized equivariant Dolbeault decomposition for compact generalized Kähler manifolds. This result, together with the localization theorem in equivariant cohomology theory, enables us to get a generalization of the above mentioned result of Carrell and Lieberman in generalized Kähler geometry.
Actually, another motivation for this piece of work is to understand the generalized Hodge theory developed by Gualtieri [Gua04] by some concrete examples. In [LT05] Tolman and the author developed a general method which allows one to produce non-trivial examples of generalized Kähler structures on many toric varieties. We note that the classical Hodge numbers have been long known for toric varieties. It is thus an interesting question if one can calculate the generalized Hodge numbers for the examples of generalized Kähler structures on toric varieties discovered in [LT05] . In this article, using the analogue of Carrell and Lieberman's result in generalized Kähler geometry we compute the generalized Hodge number for non-trivial examples of generalized Kähler structures on CP n and CP n blown up at a fixed point. The plan of this paper is as follows. Section 2 goes over some basic concepts in generalized geometry. Section 3 presents a quick review of equivariant de Rham theory, including a recent result of Allday [All04] .
Section 4 defines the generalized equivariant cohomology and generalized equivariant Dolbeault cohomology for Hamiltonian actions on twisted generalized complex manifolds. Assume that the manifold M has the∂∂-lemma, Section 4 proves that the two cohomologies are canonically isomorphic to (Sg * ) G ⊗ H H (M) ; moreover, it establishes an equivariant version of the∂∂-lemma.
Section 5 presents a generalization of Carrell and Lieberman's result in generalized Kähler geometry.
Section 6 computes the generalized Hodge number for non-trivial examples of generalized Kähler structures on CP n and CP n blown up at a point.
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GENERALIZED COMPLEX GEOMETRY
Let V be an n dimensional vector space. There is a natural bi-linear pairing of type (n, n) which is defined by
A generalized complex structure on a vector space V is an orthogonal linear map J :
, there exists an unique generalized complex structure J whose √ −1 eigenspace is exactly L.
The Clifford algebra of V C ⊕ V * C acts on the space of forms ∧V * via
Since J is skew adjoint with respect to the natural pairing on
Therefore there is a Clifford action of J on the space of forms ∧V * which determines an alternative grading :
Let M be a manifold of dimension n. There is a natural pairing of type (n, n) which is defined on TM ⊕ T * M by
and which extends naturally to
The Clifford algebra of C ∞ (TM ⊕ T * M) with the natural pairing acts on differential forms by
A generalized almost complex structure on a manifold M is an orthogonal bundle map J : TM⊕ T * M → TM⊕ T * M such that J 2 = −1. Moreover, J is an H-twisted generalized complex structure if the sections of the √ −1 eigenbundle of J is closed under the H-twisted Courant bracket. The type of J at m ∈ M is the type of the restricted generalized complex structure on T m M.
Let B be a closed two-form on a manifold M, and consider the orthogonal bundle map TM ⊕ T * M → TM ⊕ T * M defined by
where B is regarded as a skew-symmetric map from TM to T * M. This map preserves the H-twisted Courant bracket. As a simple consequence, if J is an H-twisted generalized complex structure on M, then J ′ = e B J e −B is another H-twisted generalized complex structure on M, called the Btransform of J . Moreover, the √ −1 eigenbundle of J ′ is e B (L), so J and J ′ have the same type.
Let (M, J ) be an H-twisted generalized complex manifold of dimension 2n, and let L be the √ −1 eigenbundle of J . Since J can be identified with a smooth section of the Clifford bundle CL(TM ⊕ T * M), there is a Clifford action of J on the space of differential forms. Let U k be the −k √ −1 eigenbundle of J . [Gua03] shows that there is a grading of the differential forms:
moreover, Clifford multiplication by sections of L and L is of degree −1 and 1 respectively in this grading. This elementary fact plays an important role in Section 4. It has been shown (See e.g. [Gua03] and [KL04] ) that the integrability of an H-twisted generalized complex structure J implies that
which gives rise to operators ∂ and∂ via the projections
).
It follows that∂
This leads to the following definition. 
The effect of B-transforms on the above grading of differential forms and on∂, ∂ operators has been studied in [Gil05] . Though [Gil05] considers only the untwisted generalized complex structures, it is easily seen that the same proof extends to the twisted case as well. However, note that our sign convention for B-transforms differs from that of [Gil05] . 
Example 2.4. ([Gua03])
• Let V be a real vector space with a complex structure I. Then the map J :
And one easily checks that U k = q−p=k (∧ p,q V * C ).
• Now let (M, I) be a complex manifold. Then (2.1) defines a generalized complex structure with the √ −1 eigenbundle
And the decomposition d :
is a generalized complex structure on V. It was proved in [Gil05] that
• Now let (M, ω) be a symplectic manifold. Then (2.2) defines a generalized complex structure J ω with the
It is easy to see that (2.3) provides a concrete description of the alternative grading of differential forms induced by J ω . Furthermore, we have
, where δ is the Koszul's boundary operator introduced by Koszul [Kos85] and studied by Brylinski [Bry88] . As a consequence, the k-
Let Ω ∂ (M) = Ω(M) ∩ ker∂. Since∂ anti-commutes with ∂, (Ω ∂ ,∂) is a differential complex with the differential∂. Similarly, let H(Ω(M), ∂) be the homology of Ω(M) with respect to ∂. Then∂ induces a differential on
The following result is a simple consequence of the∂∂-lemma. The proof is left as an exercise. (c.f. [Gil05] .)
Proposition 2.6. Assume that the∂∂-lema holds. Then the∂-chain maps in the diagram
(
they induce isomorphisms in cohomology.
A manifold M is said to be an H-twisted generalized Kähler manifold if it has two commuting H-twisted generalized complex structures
The following remarkable result is due to Gualtieri.
Then it satisfies the∂∂-lemma with respect to both J 1 and J 2 .
Example 2.8. ([Gua03])
• Let (ω, I) be a genuine Kähler structure on a manifold M, that is, a symplectic structure ω and a complex structure J which are compatible, which means that g = −ωJ is a Riemannian metric. By Example 2.5 and 2.4 ω and I induce generalized complex structures J ω and J I , respectively. Moreover, it is easy to see that J ω and J I commute, and that
is induced by a genuine Kähler structure, sometimes we will also call (J ω , J I ) a Kähler structure.
• Let (J ω , J I ) be a generalized Kähler structure induced by a genuine Kähler structure (ω, I), and let B be a closed two form. Then (e B (J ω ), e B (J I )) is also a generalized Kähler structure which is said to the B-transform of the Kähler structure (ω, I).
EQUIVARIANT DE RHAM THEORY AND CANONICAL EQUIVARIANT EXTENSIONS VIA HODGE THEORY
We begin with a rapid review of equivariant de Rham theory and refer to [GS99] for a detailed account. Let G be a compact connected Lie group and let Ω G (M) = (Sg * ⊗ Ω(M)) G be the Cartan complex of the G-manifold M. For brevity we will write Ω = Ω(M) and Ω G = Ω G (M). By definition an element of Ω G is an equivariant polynomial from g to Ω and is called an equivariant differential form on M. The bigrading of the Cartan complex is defined by
It is equipped with a vertical differential 1 ⊗ d, which is usually abbreviated to d, and the horizontal differential d ′ , which is defined by d ′ α(ξ) = −ι ξ α(ξ). Here ι ξ denotes inner product with the vector field on M induced by ξ ∈ g. As a total complex, Ω G has the grading Ω k G = 2i+j=k Ω ij and the total differential
A fundamental fact for equivariant cohomology is the following localization theorem. 
induced by the inclusion i : M T → M is the module of torsion elements in H T (M), where M T is the fixed point set of the torus T action. In particular, if H T (M) is a free module over S, the polynomial ring over the Lie algebra t of T , then i * is an injective map.
Since Ω 0j G = (Ω G ) j , the space of invariant j-forms on M, the zeroth column of the Cartan complex Ω G is the invariant de Rham complex Ω G . Because G is connected, Ω G is a deformation retract of the ordinary de Rham complex Ω. The projection p :
explained in details that this definition of equivariant formality is equivalent to the one that the spectral sequence of the Cartan double complex relative to the row filtration degenerates at E 1 stage.
Assume the G action on M is equivariantly formal. Allday [All04] showed how to construct canonical equivariant extensions using Hodge theory. Let us briefly recall his construction here. Using a G-invariant Riemannian metric on M one defines Hodge star operator * , adjoint operator d * , the Laplacian △, and Green's operator G. (It should be clear from the context where G is the Lie group and where G is Green's operator.) Since the metric is G-invariant, * , d * , △, and G are all G-equivariant operators. Therefore
The following result is due to Allday.
Theorem 3.2. ([All04]) Assume the
G-action on M is equivariantly formal. Let α ∈ Ω G be a closed form (i.e.,dα = 0). Let α = (1 − P) −1 α = α + P(α) + P 2 (α) + · · · + P n (α) + · · · . Then d G α = 0. Hence the map α → [ α] G ,
restricted to harmonic forms, is a canonical section of the projection H G (M) → H(M).
As a direct consequence we have
Proposition 3.3. Assume the G-action on M is equivariantly formal. Then there is a canonical isomorphism
H G (M) ∼ = (Sg * ) G ⊗ H(M).
GENERALIZED EQUIVARIANT COHOMOLOGY AND THE∂ G ∂-LEMMA
First we recall the definition of Hamiltonian actions on H-twisted generalized complex manifolds.
Definition 4.1. ([LT05]) Let a compact Lie group G with Lie algebra g act on a manifold M, preserving an H-twisted generalized complex structure J , where
• There exists a one form η ∈ Ω 1 (M, g * ), called the moment one form,
Let Ω G be the Cartan double complex of the G-manifold M. Then the horizontal differential of the Cartan complex is defined by d ′ α = −ι ξ M α(ξ), and the vertical differential is d. By definition, the Cartan double complex does not encode any information from the moment one form η which comes up very naturally in the definitions of generalized moment maps. Observe that ι ξ M α = ξ M · α, where · denotes the spin action. To extract the full information from the Definition 4.1, it is thus reasonable to extend d ′ to a new operator A by
where
And now that the generalized complex manifold is H-twisted, it is natural to replace the usual derivative d by the twisted one d H = d − H∧. Since H is an invariant form, the twisted exterior derivative d H is G-equivariant and induces a well defined operator
For brevity let us also denote this by d H . Then we have
This shows clearly that d H A = −Ad H . We propose the following definition.
Definition 4.2. (generalized equivariant cohomology)
And the Z 2 graded generalized equivariant cohomology is defined to be
As we are going to show in Example 4.5, the generalized equivariant cohomology is invariant under G-invariant B-transforms. This suggests that the generalized equivariant cohomology is something natural to work with in the category of generalized geometry. It will be interesting to define it for more general actions and study its property in some depth. We will leave it for future work.
The presence of the H-twisted generalized complex structure determines a splitting d H =∂ + ∂. And since J is G invariant, the operators∂ and ∂ are G equivariant. So on (Sg * ⊗ Ω(M)) G there are well-defined operators 1 ⊗∂ and 1 ⊗ ∂ which we will abbreviate to∂ and ∂. The following lemma says that∂ and ∂ also anti-commute with the operator A we introduced above.
Lemma 4.3. For any α ∈ (Sg * ⊗ Ω) G , we havē ∂Aα = −A∂α, ∂Aα = −A∂α.
Proof. Without the loss of generality we may assume that for any ξ ∈ g, α(ξ) ∈ U k , the −k √ −1 eigenspace of the Clifford action of J on the space of differential forms. Observe that 
of the Clifford action of J on the space of differential forms. It is equipped with the vertical differential∂ and the horizontal differential A. As a total complex, U G has the grading
G and the total differential∂ G =∂ + A.The cohomology of the total complex (U G ,∂ G ) is defined to be the generalized equivariant Dolbeault cohomology of the Hamiltonian action.
Example 4.5. Let G act on an H-twisted generalized complex manifold (M, J ) with twisted generalized moment map f and moment one form α. If B ∈ Ω 2 (M) G , then G acts on the B-transform of J with generalized moment map f and moment one form α ′ , where
• Let D B G be the total differential of the generalized equivariant double complex with respect to the Hamiltonian action on (M, e B J e −B ).
furthermore, we have D G e B = e B D B G . This shows immediately that
• Let∂ B G be the total differential of the generalized equivariant Dolbeault complex with respect to the Hamiltonian G-action on (M, e B J e −B ). It follows easily from Lemma 2.2 that∂ G e B = e B∂B G . As a result,
Since by Lemma 4.3 the operator A anti-commute with ∂ :
First let us pause for a moment to point out that when the generalized complex structure is induced by a symplectic structure, the∂ G ∂-lemma is equivalent to the d G δ-lemma [LS03] .
Example 4.6. Let G act on a symplectic manifold (M, ω) with moment map Φ : M → g * , that is, Φ is equivariant and ι ξ M ω = dΦ ξ for all ξ ∈ g. Then G also preserves the generalized complex structure J ω , i.e., the generalized complex structure induced by the symplectic structure ω, and Φ is a generalized moment map for this action with zero moment one form.
Since the symplectic structure ω and the associated Poisson bi-vector ∧ are G-invariant, the operator e iω e
Moreover, for any equivariant differential form α and any ξ ∈ g, we have:
This proves that for any equivariant differential form α,
This observation, together with (2.4), shows that
δα, where δ denotes the natural extension of the Koszul's boundary operator to equivariant differential forms.
Therefore the generalized equivariant cohomology group is canonically isomorphic to the equivariant cohomology group as (Sg * ) G -modules. Furthermore, it is easy to see that the∂ G ∂-lemma is equivalent to the d G δ-lemma [LS03] which asserts that
Now that∂ anti-commutes with ∂, it is straightforward to check that U G,∂ = U G ∩ ker(∂) is a sub-double complex of U G and that the homology complex H(U G , ∂) of U G with respect to ∂ is a double complex with differentials induced by∂ and A. Thus we have the following diagram of morphisms of double complexes
Since ∂ does not act on the polynomial part, these morphisms are linear over the invariant polynomials (Sg * ) G . Let us first examine the homology complex H(U G , ∂). We will need two preliminary results. 
Without the loss of generality we may assume that γ has only U k−1 component γ k−1 and U k+1 component γ k+1 . By comparing the components of the both sides of (4.2) we get
Note that ∂γ k+1 is both ∂ exact and∂ closed. By the∂∂-lemma ∂γ k+1 =∂∂η for some η ∈ U k . Therefore g * α − α =∂(γ k−1 + ∂η). This shows that the induced G action on H∂(M) is trivial. A similar argument shows that the induced G action on H(Ω(M), ∂) is trivial.
It is important to notice that ∂ is not a derivation. But we have the following Leibniz rule.
Lemma 4.8. Let f be the generalized moment map and let η ∈ Ω 1 (M, g * ) be the associated moment one form. For any ξ ∈ g, define A(ξ) = −ξ + √ −1(df ξ + √ −1η ξ ) as before. Then for any α ∈ Ω(M), we have
Proof. Without the loss of generality we may assume that α ∈ U k . First we note that
It is easily seen that
Now compare the U k−1 component of the both side of the above equality, we get that
We note that as an immediate consequence of Lemma 4.7 and Lemma 4.8, the homology complex H(U G , ∂) is a double complex with trivial differentials if the manifold M satisfies the∂∂-lemma. Proof. First we observe that the (ordinary)∂∂-lemma holds for equivariant forms as well as for ordinary forms. The reason is that ∂ and∂ acts on U G as 1 ⊗ ∂ and 1 ⊗∂ respectively and the both operators are G equivariant. Now suppose α ∈ U G satisfies that ∂α = 0. Then∂α =∂∂β = −∂∂β for some β ∈ U G . Hence the differential on H(U G , ∂) induced by∂ is zero.
To prove the other differential is zero we have to be more careful to pick a representative of an element of H(U G , ∂). By Lemma 4.7 the induced G action on H(Ω(M), ∂) is trivial. This implies that
Choose a basis ξ i of g. Let x i be the dual basis of g * and let f i be a basis of the vector space (Sg * ) G of invariant polynomials. It follows from (4.3) that an element of H(U G , ∂) can be represented by an α ∈ U G with ∂α = 0 of the form α = i f i ⊗ α i for unique α i ∈ Ω G (M). It follows that ∂α i = 0 for all i. And so by Lemma 4.8 A(ξ j )α i = ∂β ij . Hence Aα = i,j x j f i ⊗ ∂β ij = ∂ i,j x j f i ⊗ β ij . Since the operator A and ∂ are equivariant, after averaging over G we get Aα = ∂β with β ∈ U G , i.e., the differential on H(U G , ∂) induced by A is trivial.
Let E be the spectral sequence of U G relative to the filtration associated to the horizontal grading and E ∂ that of U G,∂ . The first terms are
(4.4) Here we used the isomorphism H(Ω ∂ (M),∂) ∼ = H∂(M) of Proposition 2.6 and the connectedness of G. By Lemma 4.9 H(U G , ∂) is a double complex with trivial differentials, so its spectral sequence is constant with trivial differential at each stage. The two morphisms (4.1) induce morphisms of spectral sequences
It follows from (4.3) and (4.4) that these two morphisms are isomorphisms at the first stage and hence are isomorphisms at every stage. So they induce isomorphisms on the total cohomology. In fact, since the spectral sequence for H(U G , ∂) is constant, so are spectral sequences E and E ∂ . This proves the following result, where H G,∂ (M) denotes the total cohomology of U G,∂ .
Theorem 4.10. (equivariant formality I) Assume that the generalized complex manifold M satisfies the∂∂-lemma. Then the spectral sequences E and E ∂ degenerate at the first terms. And the morphisms (4.1) induce isomorphisms of
The following corollary is an immediate consequence of Theorem 4.10 and Proposition 2.6. Corollary 4.11. Assume that the generalized complex manifold M satisfies thē ∂∂-lemma. As (Sg * ) G -modules
To prove the∂ G ∂-lemma we need the following useful technical lemma. For a proof, we refer to [L04] . We are ready to state the main result of this section.
Theorem 4.13. Consider the Hamiltonian action of a connected compact Lie group on an H-twisted generalized complex manifold
Proof. As a direct consequence of Theorem 4.10 and Lemma 4.12, we have im∂ G ∩ ker∂ = im∂ G ∂. The second half of the∂ G ∂-lemma follows from the first: assume that∂ G α = 0 and α is ∂ exact. Then the cohomology class of α in H(U G , ∂) is zero, so by Theorem 4.10 the cohomology class of α in H G,∂ (M) is zero, i.e., α is∂ G exact. Hence α =∂ G ∂β for some β.
As an easy consequence, the ∂ G ∂-lemma holds for compact H-generalized Kähler manifolds. To state this result more precisely, let us first recall the definition of Hamiltonian actions on twisted generalized Kähler manifolds. Proof. By Theorem 2.7, the ∂∂-lemma holds on M with respect to both J 1 and J 2 . By definition, the action of G is Hamiltonian on the generalized complex manifold (M, J 1 ). Now the corollary follows easily from Theorem 4.13.
To conclude this section let us present an application of the∂ G ∂-lemma which says that the generalized equivariant cohomology is canonically isomorphic to (Sg * ) G ⊗ H H (M) provided the manifold M satisfies the∂∂-lemma.
Observe that the inclusion map
is actually a chain map with respect to the differentials∂ G and D G sincē
Suppose α is a representative of a cohomology class in H G,∂ (M) and α = D G β for some β ∈ Ω G . Then α − ∂β =∂ G β is both ∂ closed and ∂ G exact. So by the∂ G ∂-lemma α − ∂β =∂ G ∂γ for some γ ∈ U G . Thus α = ∂(β −∂ G γ) is both ∂-exact and∂ G closed. Applying the∂ G ∂-lemma again, we conclude that α =∂ G ∂η for some η ∈ U G . This shows that α represents a trivial cohomology class in H G,∂ (M) and the map (4.5) is injective. Now suppose α is a representative of a cohomology class in 
TORUS ACTIONS ON GENERALIZED KÄHLER MANIFOLDS
Assume that (M, J ) is a generalized complex manifold which satisfies the∂∂-lemma. By Theorem 2.6 we have that H(M) = k H k ∂ (M). Therefore we have the following decomposition of H G (M).
Proposition 5.1. Assume the connected compact Lie group G action on M is equivariantly formal and assume M satisfies the∂∂-lemma. Then there is a canonical isomorphism of (Sg
Remark 5.2. It is obvious that the above canonical isomorphism depends only on the invariant metric that we choose. When the generalized complex structure J is induced by a complex structure I in an G-invariant Kähler pair (ω, I), it is easy to recover from (5.1) the equivariant Dolbeault decomposition as treated by Teleman [T00] and Lillywhite [Lilly03] . Indeed, assuming the group action is equivariantly formal, using the∂∂-lemma for compact Kähler manifolds it is not difficult to show directly that, for anȳ ∂-closed differential form α, any holomorphic vector Z generated by the group action and any p > 0, there exist differential forms α 1 , · · · , α p so that
Then one can apply Allday's argument in [All04] to the invariant Kähler metric and prove that the right hand side of (5.1) is canonically isomorphic to the equivariant Dolbeault cohomology. This approach will give us a new Hodge theoretic proof of the usual equivariant Dolbeault decomposition without using any Morse theory.
Henceforth we will assume that G = T is a connected compact torus and that the T action preserves the generalized complex structure J . Our next observation is that the fixed point submanifold of the T action is a generalized complex submanifold in the sense specified in [BB03] . However, for the convenience of the reader, let us first review the notion of generalized complex submanifolds [BB03] .
Let W be a submanifold of the generalized complex manifold (M, J ) and let L be the √ −1 eigenbundle of J . Then at each point x ∈ N define
}. This actually defines a Dirac structure on W, i.e., a maximal isotropic distribution L W ⊂ T C W ⊕ T * C W whose sections are closed under the Courant bracket. If L W is such that L W ∩ L W = 0, then W is said to be a generalized complex submanifold of M. It is clear from the definition that if W is a generalized complex submanifold of M, then there is a unique generalized complex structure J W on W whose √ −1 eigenbundle is exactly L W . Moreover, [BB03] gives a simple condition, the "split condition", to ensure the submanifold W of M is a generalized complex submanifold. Specifically, W is said to be split if there exists a smooth subbundle N of TM | W such that TM | W = TW ⊕ N and such that TW ⊕ Ann(N) is invariant under the generalized complex structure J . Here Ann(N) ⊂ T * M | W denotes the annihilator of N. Recall that the fixed point submanifold of a symplectic torus action on a symplectic manifold is a symplectic submanifold. The following lemma is a generalization of this well-known fact. We note that in the case of Z 2 actions on generalized complex manifolds the similar result has been obtained by J. Barton and M. Stiénon [BS06] using different methods.
Lemma 5.4. Suppose that the torus T acts on the generalized complex manifold
(M, J ) preserving the generalized complex structure J . And suppose that Z is a connected component of the fixed point submanifold. Then Z is a split submanifold and so is a generalized complex submanifold of M Proof. Let x ∈ Z be a fixed point of the torus action. Then the action of the torus T on M induces a T -module structure on T x M and a dual T -module structure on T * x M. Let {ϑ 1 , ϑ 2 , . . . , ϑ k } be the set of all distinct weights of the T -module T x M, where ϑ 1 ≡ 1. Then {ϑ
k } is the set of all distinct weights of the dual T -module T * x M. Let V i ⊂ T x M be the weight space corresponding to ϑ i and V * i ⊂ T * x M the weight space corresponding to ϑ
where t is an arbitrarily chosen element in T . It follows u * , w = 0 and so V * 1 ⊂ Ann(N x ). A dimension count shows that we actually have V * 1 = Ann(N x ). Since the torus action preserves the generalized complex struc-
Then N is a smooth subbundle of TM | Z such that TM | Z = TZ ⊕ N and such that TZ ⊕ Ann(N) is invariant under J . This completes the proof that Z is a split submanifold. Proof. The first assertion is an immediate consequence of Lemma 5.4. The second assertion follows from the description of the induced generalized complex structures on a split submanifold given in Proposition 5.3.
Example 5.6. As explained in [BB03] , if J ω is a generalized complex structure induced by a symplectic structure ω on M, then Z is a generalized complex submanifold of (M, J ω ) if and only if Z is a symplectic submanifold of (M, ω). By Example 2.5
where ω 0 is the restriction of ω to Z and ∧ 0 is the Poisson bivector on Z associated to the symplectic structure ω 0 . It is then not hard to see that
. As a result, we see∂α = 0 on M does not necessarily imply that∂ Z (α | Z ) = 0, where∂ Z is∂ operator associated to the generalized complex structure on Z induced by the symplectic structure ω 0 .
Example 5.7.
• Let V be a real vector space with a complex structure I, and let W be a subspace of V which is invariant under I. It is clear that W inherits a complex structure I W from (V, I). Denote by J and J W the generalized complex induced by I and I W respectively. Let U k (V) and U k (W) be the −k √ −1 eigenspace of the Clifford actions of J and J W respectively. Then by Example 2.4
• Suppose that J is a generalized complex structure on M induced by a complex structure I. Then as shown in [BB03] a submanifold Z is a generalized complex submanifold of (M, J ) if and only if S is a complex submanifold of (M, I). Now suppose that Z is a generalized complex submanifold of (M, J ) with the induced generalized complex structure J W . By the
is the∂-operator associated to the generalized complex structure J W .
The same argument actually gives us the following slightly more general result.
Lemma 5.8. Let (M, J ) be a generalized complex manifold and let Z be a generalized complex submanifold with the generalized complex structure J Z . Suppose that for each x ∈ Z, J x is induced by a complex structure on the tangent space T x M. As a result, the generalized complex structure J Z on Z is induced by a complex structure on Z.
In particular, this implies that if∂α = 0, then∂ Z (α | Z ) = 0, where∂ Z is thē ∂-operator associated to the generalized complex structure J W .
Theorem 5.9. Consider the action of a torus T on a generalized Kähler manifold M which preserves the generalized Kähler structure (J 1 , J 2 ). Assume that the action is equivariantly formal. Let Z be the fixed point submanifold. And assume that for any x ∈ Z, J 2,x , the restriction of J 2 to T x M, is induced by a complex structure on T x M. Then
where∂ 2 is the∂-operator associated to the generalized complex structure J 2 .
Proof. Let us denote by S the polynomial ring over the Lie algebra t of T . By Proposition 5.1 there is a canonical isomorphism
. By Proposition 5.5 the fixed point submanifold Z is a compact generalized Kähler manifold and therefore satisfies the∂∂-lemma with respect to both induced generalized complex structures. This implies that
A straightforward check shows that there is a commutative diagram
where the right vertical map is well-defined because of Lemma 5.8. Observe that the direct summand
is injective. By Lemma 5.8 the generalized complex structure on Z is induced by a complex structure and so Γ U k (Z) = 0 if |i| > dimZ by type consideration. Therefore for any |i| > dimZ, H k ∂ (Z) = 0 and so
When the invariant generalized Kähler structure (J 1 , J 2 ) is induced by an invariant Kähler structure (ω, I), it is easy to recover from Theorem 5.9 the following result of Carrell and Lieberman [CL73] , [CKP04] . Proof. Since the fixed point of the torus action is non-empty, by a wellknown result of Frankel [F59] the torus action is Hamiltonian and so is equivariantly formal by Kirwan-Ginzburg equivariant formality theorem. Let (J 1 , J 2 ) be the generalized Kähler structure induced by the Kähler structure (ω, I) on M. Then it is easy to check that the assumptions in Theorem 5.9 are all satisfied. Thus H k ∂ 2 (M) = 0 if |k| > dimZ. Let U k be the −k √ −1 eigenbundle of the generalized complex structure J 2 . It then follows from Example 2.4 that U i = q−p=i (∧ p,q T * C M) and that the∂ operator associated to the generalized complex structure J 2 coincides with the usual∂ associated to the complex structure I. This finishes the proof.
CALCULATION OF GENERALIZED HODGE NUMBERS
The generalized Hodge theory for compact generalized Kähler manifolds has been established by Gualtieri [Gua04] . Let us recall some salient points about this theory and refer to [Gua04] for details.
Let (M, J 1 , J 2 ) be a compact generalized Kähler manifold of dimension 2n. Then −J 1 J 2 , regarded as a positive definite metric on TM ⊕ T * M, induces a Hermitian inner product, the Born-Infeld inner product, on the space of differential forms.
Let Γ (U k ) be the − √ −1 eigenspace of the Clifford action of J 1 on the space of differential forms. The commuting endomorphism J 2 further decomposes U k as
Thus there is a (p, q) decomposition of the differential forms. Furthermore, this decomposition is orthogonal with respect to the Born-Infeld metric, and gives rise to the following splitting of the exterior derivative:
Here the differential operators act as follows: 
± are all elliptic operators; moreover, we have
, △ δ ± , △ δ ± are the Laplacians of d, ∂ 1/2 ,∂ 1/2 ,∂ 1/2 , δ ± and∂ ± respectively. It then follows from the standard Hodge theory for elliptic operators 
The generalized Hodge number h p,q of a generalized Kähler manifold (M, J 1 , J 2 ) is then defined to be the complex dimension of H p,q . The case of interest is when (J 1 , J 2 ) is not the B-transform of a genuine Kähler structure. (c.f. Example 2.8.) In this paper, we refer to such generalized Kähler structures as non-trivial. Note that [LT05] proposes a general method of constructing non-trivial explicit examples of generalized Kähler structures as the generalized Kähler quotient of the vector space C n . In the rest of this section, we are going to compute the generalized Hodge number for two of these examples. But let us first recall how to construct non-trivial examples of generalized Kähler manifolds as generalized Kähler quotient.
Let J be a generalized complex structure on a vector space
Since L is maximal isotropic and L ∩ L = {0}, we can (and will) use the metric to identify L * with L. 
If it is invertible, there exists a unique generalized complex structure J ǫ on V whose √ −1 eigenspace is L ǫ . Note that A ǫ is always invertible for ǫ sufficiently small. Now let (J ω , J I ) be the generalized Kähler structure on V = C n which is induced by the standard genuine Kähler structure (ω, I) . Let L 1 and L 2 denote the √ −1 eigenspaces of J ω and J I respectively. Then
Henceforth we will assume
. So it will fix J ω and deform J I to a new generalized almost complex structure J ǫ on a bounded region of C n . The following lemma gives a simple condition which guarantees that L ǫ , the √ −1 eigenbundle of J ǫ , is closed under the Courant bracket, and hence that (J ω , J ǫ ) is a generalized Kähler structure.
Lemma 6.2. Assume that there exists a subset I ⊂ (1, . . . , n) so that
If F ij is holomorphic and ∂F ij ∂z k = 0 for all i, j and k ∈ I, then L ǫ is closed under the Courant bracket.
Consider the action of a compact connected torus T on V = C n which preserves the generalized Kähler structure (J ω , J ǫ ). A generalized moment map for (J ω , J ǫ ) is the generalized moment map for the generalized complex structure J ω which coincides with the usual moment map for the symplectic structure ω in this context. Let t be the Lie algebra of the torus T and f : M → t * be the generalized moment map for the torus action. If a ∈ t * so that T acts freely on f −1 (a), then M a = f −1 (a) S 1 is defined to be the generalized Kähler quotient of the torus action at the level a. There is a naturally defined generalized Kähler structure ( J 1 , J 2 ) on M a ; moreover, for any m ∈ f −1 (a) we have
where π : T C C n ⊕ T * C C n → T C C n is the projection map, t M is the distribution of fundamental vector fields generated by the torus action, and L ǫ is the √ −1 eigenbundle of the generalized complex structure J ǫ . Since a B-transform always preserves the type of a generalized complex structure, ( J ω , J ǫ ) is a non-trivial generalized Kähler structure if and only if type( J ǫ ) x = n − dim(T ) at some point x of M a . Example 6.3. (CP n for n ≥ 3) We now construct a non-trivial generalized Kähler structure on CP n for n ≥ 3 and compute its generalized Hodge number.
Let S 1 act on C n+1 via λ(z 0 , · · · , z n ) = (λz 0 , · · · , λz n ).
Note that this action preserves the Kähler structure (ω, I) with a moment map given by
moreover, the S 1 action on Φ −1 (1) is free and the reduced space is exactly CP n . Let ǫ = z 0 z 1 ∂ ∂z 2 ∧ ∂ ∂z 3 + z 0 z 1 dz 2 ∧ dz 3 .
If necessary, multiplying ǫ by a sufficiently small positive constant, then ǫ will deform (J ω , J I ) to a new generalized almost Kähler structure on the bounded open set O = {Φ −1 (z) < 2} so that type(J ǫ ) z is n + 1 if z 0 z 1 = 0 and is n − 1 otherwise. Since z 0 z 1 is holomorphic and ∂z 0 z 1 ∂z 2 = ∂z 0 z 1 ∂z 3 = 0, by Lemma 6.2 (J ω , J ǫ ) is in fact a generalized Kähler structure on O.
Since ǫ is S 1 invariant, (J ω , J ǫ ) is also S 1 invariant with a generalized moment map Φ. So there is a naturally defined generalized Kähler structure ( J ω , J ǫ ) on the quotient space CP n = Φ −1 (1) S 1 . Note that the fundamental vector generated by the above S 1 action on C n+1 is
and hence X does not lie in π(L ǫ ) at any point of C n+1 , where L ǫ is the √ −1 eigenbundle of J ǫ . It follows from (6.2) type( J ω ) [ It is easily seen that this action preserves the standard Kähler structure and the deformation ǫ; furthermore it commutes with the standard S 1 action on C n+1 and so descends to an action on CP n which preserves the quotient generalized Kähler structure ( J ω , J ǫ ). It is equivariantly formal since the action of any compact Lie group on CP n is. Moreover, it is easy to check that this action has n + 1 isolated fixed points: Observe at the tangent space of each fixed point x the generalized Kähler structure J ǫ,x is induced by a complex structure. It then follows from Theorem 5.9 that H = 1 if n + p is even; 0 if n + p is odd.
Example 6.4. CP n blown up at one point for n ≥ 3
In this example we construct a non-trivial generalized Kähler structure on the blow up of CP n at one point and compute its generalized Hodge number.
Let a two dimensional torus T with Lie algebra t act on C n+2 by (α, β)(z 1 , · · · , z n , z n+1 , z n+2 ) = (αβz 1 , · · · , αβz n , αz n+1 , β Then there exists some ξ ∈ t * so that M ξ = f −1 (ξ)/T 2 is equivariantly symplectomorphic to CP n blown up at a fixed point. Define
It is clear from construction that ǫ is T invariant. As explained in [LT05] , ǫ deforms the standard Kähler structure (J ω , J I ) to a T invariant generalized Kähler structure (J ω , J ǫ ); moreover, (J ω , J ǫ ) descends to a nontrivial generalized Kähler structure ( J ω , J ǫ ) on the reduced space M ξ , i.e., CP n blown up at a fixed point. Define S 1 action on C n+2 by α(z 1 , · · · , z n , z n+1 , z n+2 ) = (α λ 1 z 1 , · · · , α λn z n , α λ n+1 z n+1 , α λ n+2 z n+2 ),
where λ 1 , · · · , λ n , λ n+1 , λ n+2 are rational numbers so that a) λ 1 , · · · , λ n are distinct from each other; b) λ 1 + λ 2 + λ n+2 = λ n + λ n+1 ; c) λ i = λ n+1 − λ n+2 , i = 1, 2, · · · , n.
This S 1 action preserves the standard Kähler structure (J ω , J I ) on C n+2 and the deformation ǫ; furthermore it commutes with the T action and therefore descends to a S 1 action on CP n . It is easy to check that the induced S 1 action on CP n is Hamiltonian and so is equivariantly formal. Moreover, by construction the induced action on CP n has only finitely many fixed points such that the restriction of the generalized complex structure J ǫ to the tangent space of each fixed point is a complex structure. It then follows from Theorem 5.9 that 
